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Abstract
In 1992, Kalai and Kleitman proved the first subexponential upper
bound for the diameters of convex polyhedra. Eisenbrand et al. proved
this bound holds for connected layer families, a novel approach to analyz-
ing polytope diameters. Very recently, Todd improved the Kalai-Kleitman
bound for polyhedra to (n − d)1+log2 d. In this note, we prove an analo-
gous upper bound on the diameters of subset partition graphs satisfying a
property related to the connectivity property of connected layer families.
1 Introduction
Dongarra and Sullivan cited the simplex algorithm as one of the most important
algorithms of the twentieth century (see [8]). Diameters of polyhedral graphs
are relevant in understanding the efficiency of the simplex algorithm for linear
programming. Given any linear program and any pivot rule, the number of
pivots required by the simplex algorithm using the pivot rule is at least the
diameter of graph of the feasibility polyhedron. Motivated by the efficiency of
linear programming, Hirsch (see [7]) asked if n− d pivots would suffice to solve
any linear program in d variables with n inequalities. This question turned out
to be false if the feasibility polyhedron was unbounded (see [16] by Klee and
Walkup), or if the feasibility polyhedron was a bounded polytope but whose
simplex path was monotone with respect to the objective function (see [21]
by Todd). Since these results, the Hirsch Conjecture became the assertion that
every d-dimensional bounded polytope with n facets has combinatorial diameter
at most n−d. This statement of the Hirsch Conjecture was disproved by Santos
in [19] and subsequently improved in [17] by Matschke, Santos, and Weibel.
Abstractions of polytopes have been studied since the 1970s as an avenue
to understanding the diameters of polytopes and polyhedra. (See, e.g., [1], [2],
[3], [4], [5], [12], and [18].) More recent studies of abstractions have been stud-
ied by Eisenbrand, Ha¨hnle, Razborov, and Rothvoß (see [9], [10], and [11]) and
by the second author in [6] and [14]. This method of analyzing the diameter
of polytopes has gained interest in light of the counterexamples to the Hirsch
Conjecture. Though both unbounded polyhedra and bounded polytopes do not
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satisfy the Hirsch Conjecture in general, no superlinear lower bound is known
for their diameters. The non-existence of superlinear diameters is codified in
what is known as the Linear Hirsch Conjecture. Recent results by Eisenbrand et
al. (see [9], [11]) prove that statements analogous to the Linear Hirsch Conjec-
ture are false for certain abstractions of polytopes. Recently, Bogart and Kim
(see [6]) showed that subset partition graphs (a certain abstraction of polyhedra)
satisfying all previously studied combinatorial properties for abstract polytopes
have superlinear diameter.
For upper bounds, the most general upper bound which applies to convex
polytopes and polyhedra is a supexponential bound by Kalai and Kleitman
in [13] which states that the diameter of any d-dimensional polyhedron with n
facets is at most n1+log2 d. This upper bound was recently improved to (n −
d)log2 d by Todd in [22]. A result in [14] based on earlier results from Eisenbrand
et al. in [9] showed that an upper bound of n1+log2 d applies to the diameters
of subset partition graphs satisfying a connectivity property. In this note, we
show that an improved upper bound of (n− d)1+log2 d applies to the diameters
of these subset partition graphs. (See Theorem 3.3.) For more about the Hirsch
Conjecture, see [16] or the recent survey [15]. Our terminology on polytopes
follows [23].
2 Preliminaries and notation
Let S = {1, 2, . . . , n} be a finite set called the symbol set (each s ∈ S is called a
symbol). We use the notation
(
S
d
)
to denote the set of all d-element subsets (or
d-sets) of S. Let G = (V , E) be a connected graph with vertex set V and edge
set E. For a set A ⊆
(
S
d
)
and a vertex set V = {V1,V2, . . . ,Vk}, if V partitions
A in the sense that
1. Vi ∩ Vj = ∅ for all i 6= j
2. A = V1 ∪ V2 ∪ · · · ∪ Vk,
3. Vi 6= ∅ for all i,
we say G is a d-dimensional subset partition graph on the symbol set S.
Let G = (V , E) be a d-dimensional subset partition graph ofA on the symbol
set S and let F ⊆ S. We define a new subset partition graph GF = (VF , EF )
of AF on the symbol set S by applying the following operations on G:
1. Remove any d-sets in A that do not contain F , resulting in AF = {A ∈
A | F ⊆ A}.
2. For each i, if Vi ∩ AF = ∅, remove Vi and any incident edges.
The resulting graph GF is called the restriction of G with respect to F . This
process can be thought of as “inducing” on F to obtain the subgraph GF .
Historically, the following properties of subset partition graphs have been
considered:
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• dimension reduction: if F ⊆ S with |F | ≤ d, the restriction graph GF
is connected.
• adjacency: for elements A,A′ of A, if |A ∩ A′| = d − 1, then A and A′
are in the same or adjacent vertices of G.
• strong adjacency: adjacency is satisfied and, for any two vertices V ,V ′ ∈
A there exist d-sets A ∈ V and A′ ∈ V ′ with |A ∩A′| = d− 1.
• endpoint-count: if F ∈
(
S
d−1
)
, then the number of vertices in G contain-
ing F is no greater than 2.
In [9], Eisenbrand et al. showed that subset partition graphs with dimension
reduction whose underlying graphs G = Pk are paths had diameter in Ω(
n2
log n ).
In [14], Kim showed a similar asymptotic lower bound of Ω(n2) holds for sub-
set partition graphs satisfying adjacency and endpoint-count, which was subse-
quently improved by Ha¨hnle (see [11]) to an exponential lower bound for subset
partition graphs satisfying all the above properties except dimension reduction.
Very recently, Bogart and Kim (see [6]) showed that when all four properties
are considered, the Eisenbrand asymptotic lower bound of Ω( n
2
logn ) holds.
This drastic difference (exponential versus almost-quadratic) in known diam-
eter lower bounds shows that, given our current understanding, the connectivity
property of dimension reduction is the key property in understanding the behav-
ior of polytope diameters. In [13], Kalai and Kleitman proved the diameter of
polyhedra is at most n1+log2 d. Eisenbrand et al. (see [9]) showed that this upper
bound for polyhedra also holds for subset partition graphs satisfying dimension
reduction. In [22], Todd improved the Kalai-Kleitman bound to (n−d)log2 d. We
show that an analogous upper bound of (n−d)1+log2 d holds for subset partition
graphs satisfying dimension reduction in Theorem 3.3 below.
3 Maximal diameter of subset partition graphs
Let ΣDR(d, n) denote the maximum diameter among d-dimensional subset par-
tition graphs on n symbols satisfying dimension reduction. In this section, we
prove a diameter upper bound result for subset partition graphs which is anal-
ogous to Todd’s improvement in [22] on the Kalai and Kleitman bound in [13].
As in [13] and [22], all logarithms are base 2. We make use of the fact that if
y, z > 0, then ylog z = zlog y.
Lemma 3.1. Let c = log 3. If d ≥ 3 is an integer, then (d−1d )
c+ 1d+
2
d·dlog d
≤ 1.
Proof. Let f(d) = (d−1d )
c + 1d +
2
d·dlog d
. Indeed, when d = 3 and d = 4, we
have f(3) ≈ .976 and f(4) ≈ .915. The function f is increasing on the interval
[5,∞) and f(5) < 1. Since f(d)→ 1 as d →∞, it follows that f(d) ≤ 1 for all
d ≥ 5.
Lemma 3.2. For n ≥ 2 integer, one has ΣDR(2, n) ≤ (n− 2)2.
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Proof. For n = 3 and n = 4, the inequality ΣDR(2, n) ≤ (n − 2)2 holds by
quick inspection. There are at most
(
n
2
)
− 1 edges to traverse between any two
vertices of a 2-dimensional subset partition graph with n symbols. The results
for n = 2 and n ≥ 5 follows by comparing the graphs of y = (x − 2)2 and
y = x(x−1)2 − 1.
Theorem 3.3. For n ≥ d ≥ 1, one has ΣDR(d, n) ≤ (n− d)1+log d.
Proof. By Lemma 3.2, the stated inequality holds for d ≤ 2. In addition, when
n < 2d, we can “move to a facet” in the following sense: because any two
d-sets share a common symbol, the diameter is at most ΣDR(d − 1, n − 1) ≤
(n− d)1+log(d−1) by induction. So, we may assume that d ≥ 3 and that n ≥ 2d.
This implies that n − d ≥ d, thus n − d ≥ 3. The last inequality implies,
log(n− d) ≥ log2 3 =: c ≈ 1.5.
The Kalai-Kleitman recursion of ∆(d, n) ≤ ∆(d−1, n−1)+2·∆(d, ⌊n/2⌋)+2
in [13] holds for subset partition graphs satisfying dimension reduction due to
the Pigeonhole Principle (see [9] or [14]). By induction:
ΣDR(d, n) ≤ ΣDR(d− 1, n− 1) + 2 · ΣDR(d, ⌊n/2⌋) + 2
≤ (n− d)1+log(d−1) + 2 · (n/2− d)1+log d + 2
= (n− d) · (n− d)log(d−1) + 2 · (n/2− d) · (n/2− d)log d + 2
= (n− d) · (d− 1)log(n−d) + 2(n/2− d) · dlog(n/2−d) + 2
= (n− d)
(
d− 1
d
)log(n−d)
dlog(n−d) + 2(n/2− d) · dlog(n/2−d) + 2
≤ (n− d)
(
d− 1
d
)log(n−d)
dlog(n−d) + (n− d) · dlog((n−d)/2) + 2
= (n− d)
(
d− 1
d
)log(n−d)
dlog(n−d) +
1
d
(n− d) · dlog(n−d) + 2
≤ (n− d)
(
d− 1
d
)c
dlog(n−d) +
1
d
(n− d) · dlog(n−d) + 2
= (n− d)dlog(n−d)
[(
d− 1
d
)c
+
1
d
+
2
(n− d)dlog(n−d)
]
≤ (n− d)dlog(n−d)
[(
d− 1
d
)c
+
1
d
+
2
d · dlog d
]
.
Since (d−1d )
c+ 1d+
2
d·dlog d ≤ 1 for all d ≥ 3 by Lemma 3.1, the previous expression
is bounded above by (n− d)dlog(n−d) = (n− d)(n− d)log(d) = (n− d)1+log d.
As a corollary, the diameter bound of (n− d)1+log d holds for the connected
layer families of Eisenbrand et al. in [9]. For the diameters of subset partition
graphs satisfying dimension reduction, the gap between the upper bound of
(n− d)1+log d and the Eisenbrand asymptotic lower bound of Ω( n
2
logn ) is rather
large. It remains to be seen if Ha¨hnle’s conjectured upper bound of d(n − 1)
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for polytopes (see, e.g., [20]) holds for subset partition graphs with dimension
reduction.
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